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Let Ty denote the time-until-death random variable for
a life aged x.

Let S(t) be the time-t price of a stock or mutual fund.
Let M. (t): = max{S(t), 0 < t < t} be the maximum
price of the stock or mutual fund up to time t.

Problem: Evaluate E[e %Txb(S(Ty), Ms(T,))]

where the expectation is taken with respect to an
appropriate probability distribution and ¢ Is a force
of Interest.

Examples: b(s,u) = (s —K), call option payoff
b(s,u) = (K—s), putoption payoff
b(s,u) = u high water mark payoff
b(s,u) =I(u <B)(K—s), up-and-out put




By conditioning,
E[e*™b(S(T,), M,(T,))]
= E[E[e"*b(S(T,), M(T,)) | T, ]]

= T E[e ' b(S(t), M, (1)) | T, = t] f; (t) dt

= ]3 E[e™b(S(t), M, (t))] f () dt

If T Is independent of {S(t)}.



So we want to calculate

[ ELeb(S(t), M, ()]F;, (t)dt

I fr(®=2¢f (1,

j
then

j E[e*b(S(t), M, (t)]f, (t)dt.
—Z IE[e‘&b@(t) M, (D)]IF, (t)dt
= Z | E[e‘g’ b(S(7;), M, (7)1



Fact: The time-until-death density function can be
approximated by linear combinations of exponential
density functions

fr =D cxf ()=>cxne.
J J

Thus, our valuation problem reduces to finding
E[e™*"b(S(x), M, (1)1,

where © Is an exponential random variable

Independent of {S(t)} .



Assume S(t) = S(0)eX*® t>0, where

N, (t) N, (t)

X(1) = ut + cZ(1) +ZJJ_ Z y

j=1 k=1

f(x) = iAivie‘V‘X, X>0; E(N,(1)=vt
1=1

f (x)=Zn:Biwie_WiX, X>0; E(N (t))=ot
i—1



Running maximum M(t) := Max{X(u); 0 <u <t}
Because S(t) = S(0)eX®,
M, (t) = S(0)eM®.

Thus, our valuation problem reduces to finding
E[e°"b(S(0)e*,5(0)eM™)],
where T Is an exponential random variable

iIndependent of {S(t)} .



Fact: M(t) and [X(t) — M(1)] are independent

random variables.

Thus,
E [er(r)] — E [eZ[X(T)—M(T)+M(T)]]

= E[eZX(M-M@]] E[eZM™)]

a version of Wiener-Hopf factorization.



Recall

N, (t) N, (t)
j=1 k=1

where
f,(x)=> Ave™, x>0
=1

f.(xX)=> Bwe "™, x>0

=1

Then, E[e”""]=e"" foreacht>0, where

1

= Z Z
Y(z)=pz+=c°z°+vy A — |
(2) =pz+3 le S ; iz



1

Y(2) :uz+§c7222 +VZAi Z__ Z ’
=1 '
The moment-generating function of X(t) Is

E[e”*™”]=E[E[e” ™[]

_ F[p (@)1 =
—Ele 1=y
The zeros of the RHS are the (m+n) poles of W(2),

namely, v, ..., V., =Wy, ..., —W,.

he poles of the RHS are the (m+n+2) zeros of
A—W(2).



Ifm=n=1,

1

Y(z)=pz+=c°z°+v, -
2 vV, —Z +Z

E[e”X(9)] = }\—‘}I\’(Z)'

ne zeros are v, and , the poles of ¥(z).

ne poles are the 4 zeros of A — W(2).



40 I -

A0 . : '

-w, Vv, are the poles of ‘¥(z)

a5, a4, 31, B, are the zeros of A — W(2)



If m =n = 2,

1

2
Y(z)=nz+ EGZZZ +VZAi
i1=1

E[e”X(9)] = }\—‘}I\’(Z)'

The zeros are v,v,, , , the poles of W(z).

ne poles are the 6 zeros of A — W(2).



Ay >0,A,>0,B,>0,B, >0
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-W, -W; Vv, V, are the poles of ¥(z)

04, 0y, 3, B1, B2, B3 are the zeros of A — W¥(2)




Label the parameters (the poles of W(z)) such that
V,<V,<...<V, ,
W, <W, < ...<W,

If the weights A’s and B’s are positive, then the
(m+n+2) zeros of A — W(z) are Interlaced as follows,

A
A=Y (2)

oc(f[(z v)j[]_[(z (W))j(lﬁ;d(ﬁz_l%j

=1

E[eZX(T)] _




(e 15 12

i Z2-B; U z—q,
Wiener-Hopf factorization: E[e2*(V] = E[ez2M()] x E[eZX(®)-M{®)]]

M(z) >0 = 0< E[e™"] <1, for—o0<z<0

[X(t)-M(1)]<0 =0<E[ePPMINI<1  for O<z<ww

Hence, E[e™"] o (ﬁ(z—vj)](ﬁﬁj.

-1 Eat]

E[ez[X(r)—M(r)]] oc [ﬁ (Z n Wj)j[ﬁ 1 j



E[eZW”]oc[ ] (z—v»j(ﬁz_l

Because E[e®M(]=1
V. —7 m+1 _
E[ezl\/l(r)] H J H BJ
j=1 Bj —Z

m+1 j Bk m+1 Bj ﬁk - .
;(1;[ | j(,llk BB, ) B —7 partial fractions

m+1 1 n oV =By T B
-3, | here b, = J k
Z wnere (];1[ Vj ][ ;ll_f?[kB BKJB

m+1

Thus, fy,.,(x)=> be™, x>0
k=1



m+1

fM(T)( ):Z:bke‘Bk , > 0,
k=1
m V'_B m+1 B
where b, = K 1B
‘ (11—1[ Vj j(]gkﬁj_ﬁkj ‘
Similarly,
n+1
fromem () =D a,.e™", <0,
k=1

where ak_[ﬁakJer][ﬁ % -J(_ak)

=1 W,



Fory>0andy>x,
fX(r),I\/I(r) (X’ y)

=Ty xm-me (Y X=Yy)x1 1=]det)]
= fM(r) (y) X fX(t)—I\/I(T) (X B y)  Independence
m+1 5 n+1 (x—Y)
_ —Bry A
(e |[Shaee
k=1 =1
m+1 n+1 x _—(B )
—OL- — —OL:
=> Y ab, xe e WY
k=1 j=1

—00<0t, 1< —W, <., <= W, <0 OB < V<. <V <P <00



E[e "b(S(t), M,(7))]

_ E[e = E'[b(S(x),M.())], where E'[t]=——

S+h
E"[b(S(t), M,(1))]

= E"[b(S(0)e*™,S(0)e")]

= ([ bSO, SO0 )"y o (X, V)XY

y

:J j b(S(0)e™, S(0)e”)F "o mcy (X, V)X dy

—00




Numerical results
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Numerical results

Stock
parameter w 130
H 0.05 \Y 160
o 0.2 A, 1
Wy 5000 B, 1
\'21 1666.6667 S(0) 1920

E(S(Tss))  E((1870-S(Tss))+) E((S(Ts5)-1870)+) E((1950-S(Tss))+) E((S(Tss5)-1950)+)

4 terms 2.08E+003 656.5394 712.8571 714.0115 683.5962
6 terms 1.92E+003 678.2119 731.1723 732.8594 705.7788
8 terms 1.85E+003 692.6016 744.0242 746.0782 720.5704

11 terms  1.88E+003 691.7957 743.8862 745.8406 719.8078



Thank You



